Abstract. We use the quaternion Kähler reduction technique to study old and new selfdual Einstein metrics of negative scalar curvature with at least a two-dimensional isometry group, and relate the quotient construction to the hyperbolic eigenfunction Ansatz. We focus in particular on the (semi-)quaternion Kähler quotients of (semi-)quaternion Kähler hyperboloids, analysing the completeness and topology, and relating them to the self-dual Einstein Hermitian metrics of Apostolov-Gauduchon and Bryant.
Introduction
There has been quite a lot of interest in self-dual Einstein (SDE) metrics in dimension four. In the negative scalar curvature case, such metrics naturally generalize the symmetric metrics on the real 4-ball H 4 ≃ HH 1 (the real or quaternionic hyperbolic metric) and on the complex 2-disc CH 2 (the complex hyperbolic or Bergman metric).
A rather general construction of negative SDE metrics was offered by C. LeBrun in 1982 [LeB82] . LeBrun observed that for any real-analytic conformal structure [h] on S 3 , there is a Riemannian metric g 0 defined on some open neighborhood of S 3 ⊂ R 4 such that g 0 is self-dual, the restriction of it to S 3 is in the conformal class [h] , and moreover g = f −2 g 0 is Einstein for some defining function f for S 3 in this open neighbourhood. However, this result is purely local: the Einstein metric it defines typically cannot be extended to a complete metric everywhere inside the ball.
Nevertheless, in later work [LeB91] , LeBrun showed that the moduli space of negative complete SDE metrics on a ball is infinite dimensional, which led him to formulate a conjecture. A conformal structure on S 3 is said to have positive frequency if it bounds a complete SDE metric on the ball and negative frequency if bounds a complete anti-self-dual Einstein (ASDE) metric on the ball. The conjecture then asserts that near the standard conformal structure on S 3 (in an appropriate sense) the moduli spaces of positive and negative frequency subspaces are transverse (i.e., their tangent spaces at the standard conformal structure give a direct sum decomposition). The positive frequency conjecture is now proven, thanks to the remarkable work of O. Biquard [Biq02] (see also [Biq00, Biq99] ). However, this still provides very little information about which conformal structures on S 3 bound complete SDE metrics on the ball.
The known examples are rather few. Apart from the hyperbolic metric, the first such metrics were obtained by H. Pedersen in [Ped86] : the conformal class [h] on S 3 is represented by a Berger sphere metric σ 2 1 + σ 2 2 + λ 2 σ 2 3 (where σ 1 , σ 2 and σ 3 are the standard left-invariant 1-forms on S 3 ≃ Sp(1) and λ is a nonzero constant), and the corresponding complete SDE metric on the 4-ball is equally explicit. Later, N. Hitchin [Hit95] generalized this result by showing that any left-invariant conformal structure on S 3 determines a complete SDE metric on the ball, although now explicitness requires elliptic rather than elementary functions. studies in detail their global geometry. The symmetries here arise naturally from a differential system, which amounts to the realisation of Bochner-flat Kähler 2n-manifolds as local quotients of the flat CR structure on S 2n+1 . Bryant's work not only provides an alternative way of classifying SDE Hermitian metrics locally, but it also gives insight into the question of completeness, and he discusses some examples in an appendix to his paper.
In spite of this work (and in contrast to the case of SU(2) symmetry, where Hitchin provides a classification) the issue of completeness for negative SDE Hermitian metrics is not yet fully explored, and for the toric SDE metrics in general, the complete examples are far from understood. In fact, there are very many examples. In [CS03] , Calderbank and M. A. Singer constructed examples of complete SDE metrics on resolutions of complex cyclic singularities and showed that the moduli of such metrics is (continuously) infinite dimensional. In particular these metrics can have arbitrarily large second Betti number (cf. [BGMR98] in the positive case). Examples of infinite topological type are also known.
The simplest examples in [CS03] are quaternion Kähler quotients of HH m generalizing the Pedersen-LeBrun metrics on O(n) (n 3), and may be viewed as negative analogues of the compact orbifold SDE metrics of Galicki-Lawson and Boyer et al.
In fact many of the metrics discussed in this introduction occur as quaternion Kähler quotients [Gal87a, GL88] . For positive toric SDE metrics, compact orbifold examples are well understood (as we have discussed). For negative toric SDE metrics, many examples have been introduced as quotients by Galicki [Gal87b, Gal91] , but the quotient approach has not been thoroughly explored. Our purpose in this work is to develop systematically the quotient approach to toric SDE metrics, which has a number of advantages. In addition to producing an abundance of examples locally, the quotient approach provides more direct insight into the global behaviour of such metrics (completeness or topology), as well as a systematic way to organise these examples into families.
In this paper we set the initial stage for such a systematic study by considering the toric SDE metrics arising as (semi-)quaternion Kähler quotients of 8-dimensional quaternionic hyperbolic space HH 2 and its indefinite signature analogue HH 1,1 by a one dimensional group action. A given reduction may be encoded by the adjoint orbits in sp(1, 2) of the generator of the action, which in turn may be classified using work of Burgoyne and Cushman [BC77] . There are essentially four distinct possible types of generator:
(i) elements belonging to the Lie algebra a maximal torus; (ii) elements in a Cartan subalgebra with exponential image S 1 × R; (iii) non-semisimple elements with two step nilpotent part; (iv) non-semisimple elements with three step nilpotent part.
The quaternion Kähler quotients by generators in the first two classes correspond to the 3-pole solutions discussed in [CP02] , but we present a detailed and self-contained analysis of the completeness and topology of the quotient. The other two classes may be regarded as limiting cases, but the geometry of the quotient is less well studied.
According to Apostolov and Gauduchon [AG02] , quaternion Kähler quotients of HH 2 (and HP 2 ) by one dimensional group actions are SDE Hermitian, and their argument applies also to quotients of HH 1,1 . Therefore all of the quotients we discuss in this paper are SDE Hermitian manifolds. Furthermore, by comparing our examples with the classification of self-dual Kähler metrics by Bryant [Bry01] , we see that in fact all SDE Hermitian metrics with nonzero scalar curvature are (at least locally) quaternion Kähler quotients of HP 2 , HH 2 or HH 1,1 .
In addition to studying the quotients of HH 2 and HH 1,1 in detail, we develop some aspects of the general theory of quotients of HH k,l by (k+l−1)-dimensional Abelian semi-quaternion Kähler group actions. In particular we show how the quotient metrics are related to the hyperbolic eigenfunction Ansatz, simplifying and extending a result of [CP02] .
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1. Semi-Quaternionic Projective Spaces Definition 1.1: Let (M 4n , g) be a semi-Riemannian manifold of signature (4ν, 4n−4ν). We say that (M 4n , g) is semi-quaternion Kähler if the holonomy group of the metric connection is a subgroup of Sp(ν, n − ν) · Sp(1) when n > 1. As usual, when n = 1 we extend our definition and require that (M, g) be self-dual and Einstein. We will always suppose that the scalar curvature of (M, g) is nonzero. We refer to ν as the quaternionic index of M .
Exactly as in the Riemannian case, the above definition implies the existence of the quaternion Kähler 4-form Ω which is parallel with respect to the Levi-Civita connection and gives rise to the quaternionic rank 3 bundle V over M .
The simplest example of semi-quaternion Kähler manifolds are obtained as follows. Let
. . , u k+l )} be the set of all quaternionic (n + 1)-vectors together with the symmetric form
Here a 1 , a 2 denotes the standard quaternionic-Hermitian inner product on H k and we shall denote the associated norm by ||a|| 2 = a, a . The form F k,l defines the flat semi-Riemannian metric of signature (4k, 4l) on H k,l .
with a point, is called the null cone. Let k + l = n + 1 and Sp(k, l) ⊂ GL(n + 1, H) which preserves the form F k,l . It is wellknown that H k,l (±1) are spaces of constant curvature and as homogeneous spaces of the semi-symplectic group Sp(k, l) they are
+ . After removing 0 ∈ H k,l we consider the action of H * on (1.2) by right multiplication. Definition 1.3: Let H k,l be the quaternionic vector space with semi-hyperkähler metric of signature (4k, 4l). We define the following projective spaces.
If we make a choice of C * ⊂ H * we also have complex 'projective' spaces. Definition 1.4: Let H k,l be the quaternionic vector space with semi-hyperkähler metric of signature (4k, 4l). Let C * ⊂ H * . We define
. Proposition 1.5: As homogeneous spaces of the semi-symplectic group
, l > 0.
(1.3)
Furthermore, we have the natural fibrations
+ ) which can be glued together along the common boundary (1.5)
to give HP k+l−1 , its twistor space CP 2k+2l−1 and the vector space H k+l \ {0}. Note that P H (H k,l 0 ) ≃ S 4k−1 × S 3 S 4l−1 is both S 4k−1 -bundle over HP l−1 and S 4l−1 -bundle over HP k−1 . The following proposition is straightforward. Proposition 1.6: The manifolds P H (H k,l − ), k > 0, are semi-quaternion Kähler with holonomy group Sp(k − 1, l) · Sp(1), index ν = k − 1, negative scalar curvature, twistor space P C (H k,l − ), and Swann bundle H k,l − ; furthermore, P H (H k,l − ) is the quaternionic H l -bundle over the standard quaternionic projective space HP k−1 associated to the quaternionic Hopf fibration. The manifolds P(H k,l + ), l > 0, are semi-quaternion Kähler with holonomy group Sp(k, l − 1) · Sp(1), index ν = k, positive scalar curvature, twistor space P C (H k,l + ), and Swann bundle H k,l + ; furthermore, P H (H k,l + ) is the quaternionic H k -bundle over the standard quaternionic projective space HP l−1 associated to the quaternionic Hopf fibration. Topologically,
− ) is the one associated to the right quaternionic multiplication of the quaternionic vector space H k by the unit quaternions. Explicitly, let
gives the quotient which can be identified with P H (H
is an H k -bundle (quaternionic vector bundle) over HP l−1 associated to the quaternionic Hopf bundle S 3 → S 4l−1 → HP l−1 . Example 1.7: Let (k, l) = (1, 2). Then P H (H 1,2 − ) is simply the unit open 8-ball in H 2 . The boundary of this cell P H (H 1,2 0 ) = S 3 × S 3 S 7 ≃ S 7 is the unit sphere. The space P H (H 1,2 + ) is the H ≃ R 4 bundle over HP 1 ≃ S 4 associated to the quaternionic Hopf bundle S 3 → S 7 → S 4 . Viewed another way P H (H 1,2 + ) is a complement of the unit 8-ball in H 2 with HP 1 ≃ S 4 added in at infinity. Remark 1.1: Note that the map ψ :
is the anti-isometry (or metric reversal) which induces anti-isometries
) is diffeomorphic to HP n but has negative-definite metric. It can be identified with P H (H 0,n+1 + ) which is obviously the usual definition of HP n by changing the sign of the metric. As a result we can restrict our discussion only to the negative scalar curvature spaces P H (H k,l − ), k > 0. This is not natural if one talks about the projective space P H (H n+1,0 − ) but in this paper we will mostly deal with the case k < n + 1.
We now describe the spaces (P H (H
Note that (1.1) implies that on U β we have
Let us denote F k−1,l simply by * , * k−1,l with the associated semi-norm || * || k−1,l . Then, on U β , ||x β || k−1,l < 1 and the semi-quaternion Kähler metric g
We will often refer to u = (u 0 , u 1 , . . . u n ) as homogeneous coordinates on P H (H k,l − ). Example 1.8: It is clear that P H (H 1,n − ) = HH n is simply the unit ball in H n with the quaternionic hyperbolic metric. In this case U 0 is the only chart so we have global inhomogeneous coordinates
with the positive definite hyperbolic metric
These are not the only examples of semi-quaternion Kähler manifolds as we shall see. However, many other examples can be obtained by taking semi-quaternionic Kähler quotients of P H (H k,l − ) by subgroups of Sp(k, l). The quotient construction in the semi-Riemannian case works in the similar way as in the Riemannian case. However, the zero-level set for the moment map need not be a semi-Riemannian submanifold. For example, when G is a 1-parameter subgroup acting on a semi-quaternion Kähler manifold (M 4n , g) of index ν then N = µ −1 (0) ⊂ M can have regions of signature (4ν − 3, 4n − 4ν) and (4ν, 4n − 4ν − 3) separated by all points in M with g(V, V ) = 0, where V is the vector field of the G-action on M . Let us call these two regions by N − = µ The situation is even more complex when we choose an arbitrary G ⊂ Isom Ω (M, g). In general, depending on how G acts on M one should separate µ −1 (0) into submanifolds of signature (4ν − 3c, 4n − 4ν − 3d), where c + d = dim(G) and one could expect quotients of various quaternionic indices ranging from 0 to min(dim(G), ν).
However, in this paper we shall focus our interest on the special case when
, (3, 0)} we are in the realm of the S 1 reductions of HP 2 , which have been already studied in [GL88] : the quotients are orbifold complex weighted projective planes. In the case of (k, l) = (1, 2) we have two projective spaces one can consider: P H (H 1,2 − ) = HH 2 and P H (H 1,2 + ) = HH 1,1 . However, as described in Example 1.7 these are two pieces of HP 2 cut along a 7-sphere. The choice of G ⊂ Sp(1, 2), simultaneously determines the quaternion Kähler reduction of both HH 2 and HH 1,1 by G. In fact, the reduction depends only on the conjugacy classes of such 1-parameter subgroups in Sp(1, 2). These, on the other hand, are given by adjoint orbits in the Lie algebra sp(1, 2). For each such adjoint orbit [∆] (∆ ∈ sp(1, 2)) one can consider 1-parameter group
acting on H 1,2 as a subgroup of Sp(1, 2) ⊂ GL(3, H). This action descends to an action on (1.14)
preserving the above decomposition and defining the semi-quaternion Kähler moment maps. Following Swann [Swa91] , it is convenient to consider the semi-hyperkähler moment map µ : H 1,2 → Im(H) and the corresponding decomposition of the Swann bundle. We then write
ǫ . As we shall see N − (∆) can be empty, N + (∆) is never empty. Let N − (∆) be nonempty and suppose
is a submanifold in the 8-ball HH 2 . Further assuming that G(∆) acts freely and properly on P H (N − (∆)) we define the quotient
It follows that the metric g(∆) on M − (∆) obtained by inclusion and submersion in the quotient construction is a complete SDE metric of negative scalar curvature. Its Swann bundle U(M − (∆)) = G(∆)\N − (∆) is a semi-hyperkähler manifold of index 1. Hence, for every ∆ ∈ sp(1, 2) such that P H (N − (∆)) ⊂ HH 2 and G(∆) acts freely and properly on it we get a negative SDE manifold (M − (∆), g(∆)). What remains is to enumerate all possible adjoint orbits (this will be done in the next section) and examine all the possible quotients (the following four sections). 
Generally this metric is not complete. However, as we shall see in section 7 complete metrics of this type can occur.
Hence, a priori, for each ∆ ∈ sp(1, 2) we have locally three different metrics: g(∆), −g + (∆) and g − (∆). The two metrics g(∆), −g + (∆) are negative SDE while g − (∆) is positive SDE. Remark 1.2: Similarly, we can consider any orbits [∆] under Sp(1, n) of the (n − 1)-dimensional subalgebras ∆ ⊂ sp(1, n). Our analysis carried out for Sp(1, 2) applies without any changes and, a priori, for each ∆ we obtain locally 3 different metrics: g(∆), −g + (∆) and g − (∆). In addition, when ∆ ⊂ sp(1, n) is Abelian these metrics have two commuting Killing vectors. Even more generally, we could consider any orbit [∆] under Sp(k, l) of (k +l −2)-dimensional subalgebras g ⊂ sp(k, l). If both k, l are greater than one P H (H k,l ± ) are both semi-quaternion Kähler. Our analysis carried out for (1, 2) still applies and, a priori, for each ∆ we get locally four different metrics: two from the reduction of P H (H k,l − ) and the other two from the reduction of P H (H k,l + ). Two of these metrics will have negative scalar curvature. The case of k = l is of special interest as we shall see in section 7. Again, for Abelian subalgebras the metrics will have two commuting Killing vectors while the non-Abelian case is more general.
Adjoint orbits in sp(1, 2)
Adjoint orbits of elements in the classical Lie algebras g have been determined by Burgoyne and Cushman [BC77] . We shall use this work to find all the conjugacy classes of oneparameter subgroups of Sp(1, 2). First let us review some basic definitions. The symmetric form on H 1,2 is given by u † Fu, where
We can describe Sp(1, 2) and its Lie algebra sp(1, 2) as 3 × 3 matrices preserving F, i.e.,
Explicitly, an element of sp(1, 2) can be written as
Setting α = β = 0 gives the maximal compact subalgebra sp(1) ⊕ sp(2) while β = γ = 0 yields sp(1, 1) ⊕ sp(1).
We say that Y ∈ sp(1, 2) is decomposable if H 1,2 may be split non-trivially as a direct sum of mutually orthogonal Y -invariant quaternionic subspaces. Otherwise we say that Y is indecomposable. Choosing a particular unit quaternion i identifies H 1,2 ∼ = H 3 with C 6 , which realizes sp(1, 2) as a subalgebra of gl(6, C). We shall say an element Y ∈ sp(1, 2) is semisimple iff it is diagonalizable as an element of gl(6, C). 
where (throughout) λ = 0. The first two 3-parameter families of elements are semisimple and they are in two different Cartan subalgebras of sp(1, 2). They are necessarily decomposable. The first one corresponds to the decomposition of H 1,2 into H ⊕ H ⊕ H while the second decomposes H 1,2 into H 1,1 ⊕ H. The 3-parameter family T 1 (λ, ip, iq) has height one (and T 1 (λ, 0, 0) is 2-step nilpotent). These are decomposable, splitting H 1,2 into H 1,1 ⊕ H. Finally, the 2-parameter family T 2 (λ, ip) has height two (and T 2 (λ, 0) is 3-step nilpotent). These are indecomposable. Note that all elements in the Definition 2.1 are inside the subalgebra u(1, 2). Furthermore, note that we chose T 1 := T 1 (1, 0, 0) and T 2 := T 2 (1, 0), so that they commute. In fact {iI 3 , T 2 , T 1 = iT 2 2 } span a maximal nilpotent Abelian subalgebra of sp(1, 2). The following proposition follows from [BC77] . Proposition 2.2: Let Y be an arbitrary non-zero element of sp(1, 2). Then Y is conjugate under the adjoint Sp(1, 2) action to an element ∆ of Definition 2.1. This element is unique, except in the height one case, where T 1 (λ, p, q) is conjugate to T 1 (1, p, q) or T 1 (−1, p, q) for p = 0, and to T 1 (1, 0, q) for p = 0, and in the height two case, where
Furthermore, any one-parameter subgroup in Sp(1, 2) is conjugate to G(∆) = {A ∈ Sp(1, 2) | A = e ∆t }, where ∆ is one of the types of the Definition 2.1.
In other words, the list of Definition 2.1 enumerates all adjoint orbits in sp(1, 2). The corresponding conjugacy classes of one parameter subgroups of Sp(1, 2) are enumerated by these elements up to scale: ∆ and c∆ define the same subgroup for any c = 0.
In the following, it will sometimes be more convenient to work with a different basis of H 1,2 in which the symmetric form may be written v †F v with
The advantage of this basis is that the last three matrices in Definition 2.1 are conjugated to the following simpler forms.
We end our discussion by noting that it is straightforward to compute the momentum map in homogeneous coordinates associated to a generator T orT using the general formulae
The Pedersen-LeBrun Metrics on Line Bundles over CP 1
In this section we will examine the case of ∆ = ∆ 0 (p) = T 0 (ip 0 , ip 1 , ip 2 ). We shall assume that this generates a circle action, which means, after rescaling ∆, that we may assume that the p i 's are integers with gcd(p 0 , p 1 , p 2 ) = 1. (We can assume that the weights do not vanish as the cases when one or two of the weights vanish are degenerate.) We then have a circle action on the quaternionic hyperbolic 2-ball HH 2 given in homogeneous coordinates by
where t ∈ [0, 1). We note that this action is effective unless the weights p 0 , p 1 , p 2 are all odd, in which case we obtain an effective action of a quotient circle by taking t ∈ [0, 1/2). In inhomogeneous coordinates (x 1 , x 2 ) we have
and the moment map is given as
in homogeneous or inhomogeneous coordinates. We now write (3.5) x = z + wj = z + jw where z, w ∈ C 2 and observe that
is an open smooth submanifold of codimension 3. Proof. We can assume that both q 1 , q 2 are positive (otherwise we simply reverse the role of z α and w α in the argument below). On the one hand, the momentum constraint gives
On the other hand, we have
by the unit ball condition. Adding the two inequalities we get
This has no solutions when 1 q 1 and 1 q 2 . Otherwise, if (say) |q 1 | > 1 then by taking z 2 , w 2 = 0, it is easy to see that µ −1 p (0) is nonempty. The last statement follows because straightforward computation reveals that 0 is a regular value of the Jacobian of µ p .
Without loss of generality we will further assume that all weights are positive. We will also choose q 1 > 1 that is that p 1 > p 0 . Then we have the following Proposition 3.2: The ϕ p t -action on the level set µ −1 p (0) ⊂ HH 2 is free if and only if p 1 = p 0 + 1 and 0 < p 2 p 0 + 1 when one of the weights is even, or p 1 = p 0 + 2 and 0 < p 2 p 0 + 2 when all the weights are odd.
Proof. Consider the set described by (z 1 , 0, 0, 0). This meets µ −1 p (0) in a circle, but any point on this circle is fixed by Z p 1 −p 0 . Hence we must have p 1 = p 0 + 1, unless all weights are odd when we have p 1 = p 0 + 2. Next, suppose that p 2 > p 0 . Then the set described by (0, z 2 , 0, 0) also meets µ −1 p (0) in a circle and any point on this circle is fixed by Z p 2 −p 0 . Thus if p 2 > p 0 , we must have p 2 = p 0 + 1 (or p 0 + 2 if all weights are odd). It is easy to see that p 2 can be any integer with 0 < p 2 p 0 + 1 (or p 0 + 2 if all weights are odd).
We now have: Theorem 3.3: For p ∈ Z 3 + as in Proposition 3.2, the quotient M (p) = µ −1 p (0)/S 1 (p) is a complete self-dual Einstein manifold with negative scalar curvature and at least two commuting Killing vectors. When p 2 = p 1 (which is p 0 + 1 or p 0 + 2) the metric is U (2)-invariant while when p 2 = p 0 the metric is U (1, 1)-invariant.
Proof. Only completeness of the induced metric on M (p) remains to be proven, and this follows from the fact that the induced metric on the closed embedded submanifold µ −1 p (0) ֒→ HH 2 is complete and the action 3.1 is proper.
We continue with describing the total space of these metrics. When p 2 = p 1 , we expect that the metric is complete and, hence, it has to be one of the possibilities listed by Hitchin in Theorem 13 of [Hit95] . We will show that our quotient metrics are the Pedersen-LeBrun metrics on complex line bundles O(n) → CP 1 , n 3 (Theorem 13:3(d) of [Hit95] ). Before we analyze M (p, p + 1, p + 1) and M (p, p + 2, p + 2) let us recall a standard description of a complex line bundle over CP 1 with first Chern class s. Let S 3 = {v ∈ C 2 : v = 1} and let s ∈ Z + . Then we set
where Φ s is the action of S 1 on S 3 × C given by
Note that we get the same conclusion when we replace C by D 1 C (1) = {α ∈ C : |α| < 1}. Then L r,s is a complex unit disk bundle with first Chern class s. Now we are ready for Theorem 3.4: Let p ∈ Z and p = (p − 1, p, p), p > 1. Then the quotient metric g(p) is complete, U (2)-invariant and the total space M (p) can be identified with the complex unit disk bundle L 2p → CP 1 with first Chern class equal to 2p.
Proof. By Theorem 3.3 it suffices only to identify the quotient in this special case. Let (z, w) ∈ HH 2 . We make a slight change of these coordinates by setting
In these coordinates the moment map equations can be written
Then the circle action is given by
for τ = e 2πit ∈ S 1 . Consequently, we have that M (p) is equivalent to the quotient of the set
by the action (3.11). We define a map f :
i.e., we have that
Thus f is an S 1 -equivariant diffeomorphism and therefore f induces a smooth equivalence of the quotient spaces. Hence M (p) ≃ L 2p .
When p = (p − 2, p, p) we immediately get the other half of the line bundles with odd Chern classes: Theorem 3.5: Let p ∈ Z and p = (p − 2, p, p), p = 2k + 1 > 2. Then the quotient metric g(p) is complete, U (2)-invariant and the total space M (p) can be identified with the complex unit disk bundle L p → CP 1 with first Chern class equal to p.
Note that this construction does not give the line bundles over CP 1 with first Chern classes c 1 = 1, 2. The metrics on L p with p 3 have a curious history. The quotient construction presented here was written in [Gal87b] . The Pedersen metric on the 4-ball [Ped86] depends on a single parameter m 2 ∈ (−1, ∞). It was realized later (see [Hit95] ) that setting this parameter to (2−n)/n (with n ∈ Z, n > 2) allows for the analytic continuation of this metric to a complete metric on O(n) → CP 1 . The reason these metrics are called Pedersen-LeBrun in [Hit95] is that they are conformal to the scalar flat Kähler metrics on O(−n) → CP 1 constructed by LeBrun [LeB88] .
When, p 0 + 1 = p 1 > p 2 > 0 we take a different approach. Observe that one can still easily solve the complex equation of the moment map by setting
where α ∈ C. The unit ball condition in terms of (z 1 , z 2 , α) reads:
while the remaining moment map equation is
Let us solve this equation with respect to |z 1 | 2 :
(3.14)
One can immediately see that z 1 cannot vanish as then
Proposition 3.6: The level set µ −1
. We have to check that D is diffeomorphic to a 4-ball. To do that let us consider
which can be written as
One can easily see that
is an open 4-ball. The cohomogeneity one U (1, 1) action on M (p, p + 1, p) can be explicitly described as follows. Let
and, it commutes with the circle action given by ϕ p t . In the inhomogeneous chart we get
The above action preserves the zero level set of the moment map and it descends to a cohomogeneity one isometric action on the quotient space M (p,
Generalized Pedersen Metrics on the Ball
In this section and the following two, we will consider the R-actions on HH 2 whose generators do not belong to the Lie algebra of a maximal torus. To do this we shall work in the v = (v 0 , v 1 , v 2 ) coordinates introduced in section 2. In these coordinates HH 2 is the open subset of HP 2 defined by the equation
It follows that v 0 does not vanish on HH 2 and so the inhomogeneous coordinates
0 provide a global chart identifying HH 2 with the domain (4.2)
We remark (for later use) that the real part of y 1 is strictly negative on this domain. We begin by considering the case of ∆ 0 (p, q) =T 0 (1, ip, iq), where we have taken λ = 1 by rescaling. The R-action on the quaternionic hyperbolic 2-ball (HH 2 , g) is given explicitly by
which reduces, in inhomogeneous coordinates y = (y 1 , y 2 ), to
This action is a quaternionic isometry of the hyperbolic metric g and it defines a bundle valued momentum map µ p,q : HH 2 → V given in homogeneous and inhomogeneous coordinates by the function
Although this function is not invariant under the action (4.4), its zero set is, and the quaternion Kähler reduction of HH 2 by the one parameter group e ∆ 0 (p,q)t is the quotient of this zero set by the group action. The resulting SDE metrics were first introduced in [Gal87b] and may be regarded as a deformation of the Pedersen metrics on the ball to metrics with fewer symmetries. 
The quotient metric is complete, self-dual, and Einstein of negative scalar curvature whose isometry group contains a 2-torus. Furthermore, the quotient metrics on M (0, q) are isometric to the Pedersen metrics, and their isometry group contains U (2).
Proof. Consider the following set (4.5) S p,q = {y | f p,q (y 1 , y 2 ) = 0 and y 1 +ȳ 1 = 2 Re(y 1 ) = −1}.
For any y 2 ∈ H there is a unique y 1 such that y ∈ S p,q . It follows that S p,q ∩ HH 2 is diffeomorphic to the open 4-ball |y 2 | 2 < 1 in H ∼ = R 4 . Furthermore, S p,q ∩ HH 2 provides a global slice for the action of e ∆t in the zero set of the momentum map: to see this, we only have to note that e ∆t sends y 1 +ȳ 1 to e −2t (y 1 +ȳ 1 ) and therefore, since y 1 +ȳ 1 < 0, there is a unique (y 1 , y 2 ) in any orbit with y 1 +ȳ 1 = −1. Therefore M (p, q) is diffeomorphic to the open 4-ball equipped with the metric obtained by restriction to µ −1 p,q (0) and submersion. The fact that the quotient is a complete Riemannian manifold follows as in the proof of Theorem 3.3. Moreover, it must be an SDE metric of negative scalar curvature since it is obtained as quaternion Kähler quotient of HH 2 .
The isometry group contains a 2-torus since S p,q is invariant under the transformation
by (τ, σ) ∈ U (1) × U (1). As this action is by quaternionic isometries on HH 2 and commutes with e ∆t , it descends to give an action by isometries on M (p, q). If p = 0 this action may be extended, by taking σ ∈ Sp(1), to yield an action of
To identify M (0, q) as the Pedersen family, one can compute the metric explicitly. Alternatively, we can use the classification of SDE metrics with SU(2) symmetry by Hitchin [Hit95] . This classification provides very few possible candidates with U (2) symmetry: apart from the real and complex hyperbolic metrics, the Pedersen metrics are the only examples. In fact, one can see that M (0, 0) is real hyperbolic space but for other values of q the metric is not symmetric.
The Height One Quotients
In this section we will examine the family of quotients of HH 2 , obtained fromT 1 (λ, ip, iq). By rescaling we can assume that p is 0 or 1, and if p = 0 we can scale q to 1 or 0. Since we assume λ is nonzero, we can then conjugate so that λ = ±1 (or λ = 1 if p = 0) and rescale by the sign. Hence we only need to consider the quotients ∆ 1 (p, q) =T 1 (1, ip, iq) with p ∈ {−1, 0, 1}, and if p = 0 we can suppose q ∈ {0, 1}. Nevertheless, for convenience we shall carry out our analysis for arbitrary p, q. We have
which reduces, in inhomogeneous coordinates y = (y 1 , y 2 ), to (5.2) ϕ p,q t y 1 y 2 = e ipt (y 1 − it)e −ipt e iqt y 2 e −ipt .
The moment map for this action is given in homogeneous or inhomogeneous coordinates by
Theorem 5.1: Let ∆ = ∆ 1 (p, q) =T 1 (1, ip, iq) and consider the one parameter group ϕ p,q t = e ∆t acting on the quaternionic hyperbolic space HH 2 . Then (i) the quaternion Kähler reduction M (p, q) = µ −1 p,q (0)/ϕ p,q is diffeomorphic to R 4 for all (p, q) with p < 0.
(ii) the quaternion Kähler reduction M (p, q) = µ −1 p,q (0)/ϕ p,q is diffeomorphic to S 1 × R 3 for all (p, q) with 0 p < |q|.
In these cases M (p, q) has a complete self-dual Einstein metric of negative scalar curvature and its isometry group contains a 2-torus. In all other cases (i.e., if p |q|) the zero set of the momentum map is empty.
Proof. We begin by defining the set (5.3) S p,q = {(y 1 , y 2 ) | f p,q (y 1 , y 2 ) = 0 and iy 1 −ȳ 1 i = 2 Re(iy 1 ) = 0}
and claim that S p,q ∩ HH 2 can be identified with the quotient space M (p, q) as a global slice for the ϕ p,q action on the momentum zero set. Indeed, it is clear that as the action of e ∆t sends Re(iy 1 ) to Re(iy 1 ) + 2t, so there is a unique point of S p,q on each orbit of e ∆t in µ −1 p,q (0). It remains to describe the set S p,q ∩ HH 2 . For p = 0, there is a unique (y 1 , y 2 ) ∈ S p,q for any y 2 ∈ H. We now note that HH 2 is the domain
On the other hand
so that S p,q ∩ HH 2 may be identified with the set of y 2 ∈ H satisfying −q Re(iȳ 2 iy 2 ) + pȳ 2 y 2 < −1, p > 0 −q Re(iȳ 2 iy 2 ) + pȳ 2 y 2 > −1, p < 0.
Writing y 2 = z 2 + jw 2 for w 2 , z 2 ∈ C, this is the domain in C 2 given by
For p > 0, this domain is empty unless p < |q|, in which case it is the exterior of a hyperboloid, which is diffeomorphic to S 1 × R 3 . For p < 0, this domain is the interior of a hyperboloid for −|q| < p < 0, the interior of a cylinder for p = −|q|, and the interior of an ellipsoid for p < −|q|: all these domains are diffeomorphic to R 4 . We now consider the case p = 0, when y 1 is not uniquely determined by y 2 . For q = 0, the momentum zero set is empty. Otherwise, for q > 0, we have y 2 = e is / √ q for s ∈ R, while for q < 0, we have y 2 = e is j/ √ −q for s ∈ R. In either case, S 0,q ∩ HH 2 is identified with the set of (iy 1 , e is ) ∈ Im H × S 1 with y 1 +ȳ 1 < −p/q. This is diffeomorphic to S 1 × R 3 . It is now clear that when S(p, q) ∩ HH 2 is non-empty, as in the previous cases, it carries a complete SDE metric of negative scalar curvature. The isometry group contains the 2-torus (y 1 , y 2 ) → (σy 1 σ −1 , τ y 2 σ −1 ) with (τ, σ) ∈ U (1) × U (1).
The Height Two Quotients
To complete our analysis of the quotients of HH 2 we consider the height two caseT 2 (λ, ip). As in the height one case, by scaling and conjugation, we can suppose ∆ 2 (p) =T 2 (1, ip) with p ∈ {0, 1}, so there are only two distinct quotients up to scale, but we shall carry out our computations for arbitrary p. We then have
which reduces, in inhomogeneous coordinates y = (y 1 , y 2 ), to (6.2) ϕ p t y 1 y 2 = e ipt (y 1 + ity 2 − t 2 /2)e −ipt e ipt (y 2 + it)e −ipt .
Theorem 6.1: Let ∆ = ∆ 2 (p) =T 2 (1, ip) and consider the one parameter group ϕ p t = e ∆t acting on the quaternionic hyperbolic space HH 2 . Then the quaternion Kähler reduction M (p) = µ −1 p (0)/ϕ p is diffeomorphic to R 4 for all p, and carries a complete self-dual Einstein metric of negative scalar curvature whose isometry group contains S 1 × R. Furthermore, M (0) is quaternionic hyperbolic space.
Proof. Consider the following set (6.3) S p = {y | f p (y 1 , y 2 ) = 0 and iy 2 −ȳ 2 i = 2 Re(iy 2 ) = 0}.
It is clear that this is a global slice for the action of e ∆t on the zero set of the momentum map. For p = 0, we obtain y 2 = 0, and hence S p ∩ HH 2 is diffeomorphic to {y 1 ∈ H : Re y 1 < 0}, so let us suppose that p = 0. We write y 2 = s 2 + jw 2 with s 2 ∈ R and w 2 ∈ C. The momentum constraint determines the imaginary part of iy 1 in terms of y 2 . In particular, it implies that
We find that y 2 is constrained to lie in the paraboloid s 2 /p > |w 2 | 2 . M (p) is diffeomorphic to the product of this paraboloid with the real line, which is diffeomorphic to R 4 , and as before has a complete SDE metric of negative scalar curvature. The isometry group of the quotient metric contains the group generated byT 1 (λ, ip, ip), which is isomorphic to S 1 × R. The last statement follows from a direct computation.
The Bergman Metric on the 4-Ball
In this section we turn our attention to the quotients of HH 1,1 = P H (H 1,2 + ). One could consider all the cases studied in the previous four sections. Locally we will get families of metrics of both positive and negative scalar curvature. However, because HH 1,1 is not Riemannian, singularities can arise when the vector field generating the ϕ ∆ (t) = e ∆t action is null somewhere on the zero-set of the momentum map. For this reason, we shall restrict our attention to the special case ∆ = ∆ 0 (p) (cf. [Gal87a] ). Furthermore, it will be convenient to switch signature and take quotients of P H (H 2,1 − ): this means we don't have to reverse the sign of the quotient metric to get a positive definite metric of negative scalar curvature.
We begin by placing the case p = (1, 1, 1) in a more general context. Recall the following construction of the Wolf space X(2, k) = U (2, k)/U (2) × U (k). We start with the space P H (H 2,k − ) and the diagonal circle action on P H (H 2,k − ), described in quaternionic coordinates u = (u 0 , u 1 , u 2 , . . . , u k+1 ) as
where t ∈ [0, 1/2). The moment map for this action reads
By introducing the complex coordinates u α = z α + jw α and the matrices
we can describe the set µ −1 (0) ∩ H 2,k (−1) by a matrix equation
. Now, one observes that the U (1)·Sp(1) ≃ U (2) which takes us from µ −1 (0)∩H 2,k (−1) to the quotient is nothing but U (2) matrix multiplication of Z from the right. This action is free and the quotient is simple a bounded domain in C 2k . As homogeneous (symmetric) spaces
and
In particular, when k = 1 we get the complex hyperbolic (or Bergman) metric on the until ball in C 2 .
Below, we will show that this construction is rigid in a sense that an introduction of weights automatically leads to orbifold singularities. As we are interested in 4-dimensional quotients we will set k = 1. In the previous sections we have seen that all of the complete U (2)-symmetric SDE metrics of negative scalar curvature can be obtained as quaternion Kähler quotients of the ball P H (H 1,2 − ). The only exception is the complex hyperbolic Bergman metric. The above calculation now shows that this metric can be constructed as a quotient of the pseudo-Riemannian quaternion Kähler manifold P H (H 2,1 − ). More generally, take ∆ = ∆(p) and examine the following circle action
where p = (p 0 , p 1 , p 2 ) ∈ Z 3 , gcd(p 0 , p 1 , p 2 ) = 1, t ∈ [0, 1) when all the weights are odd, and t ∈ [0, 1/2) otherwise. Now, the moment map µ p :
Theorem 7.1: Let p ∈ (Z + ) 3 and let M (p) be the quaternion Kähler quotient of P H (H 2,1 − ) by the above circle action. Then M (p) has orbifold singularities unless p = (1, 1, 1) in which case M (1, 1, 1) ≃ U (2, 1)/U (2) × U (1) is the symmetric complex hyperbolic metric on the unit ball in C 2 .
Proof. Unlike in the case of P H (H 2,1 − ) we no longer have the advantage of global coordinates. We need to consider two cases (7.9) P H (H 2,1
where U i are defined as a submanifold on which u i = 0. We first consider U 0 , where we can switch to inhomogeneous local chart (x 0 1 , x 0 2 ) = (u 1 u
As before, the action and the zero level of the moment map become . We then write (7.13)
where (z 0 , w 0 ) ∈ U 0 and observe that on U 0
while the moment map equations (7.12) become (7.14) −p 1 (|z Without loss of generality we will further assume that all weights are non-negative. Furthermore, neither p 0 nor p 1 can equal 0 if we want the quotient to be non-singular. If, say, p 0 = 0 then take (u 0 , 0, 0) ∈ P H (H 2,1 − ). This point is also on the level set of the moment map and it is fixed by every element of S 1 (p). The third weight p 2 can be zero. On U 0 ∩ µ −1 p (0) we can choose z 0 1 = z 0 2 = w 0 2 = 0 and |w 0 1 | 2 = p 0 /p 1 which is a circle of points fixed by Z p 0 +p 1 . Hence, in order to get smooth quotient we must assume all p 0 = p 1 = 1 and p 2 is odd. But then, taking z 0 1 = w 0 1 = w 0 2 = 0 and |z 0 2 | 2 = p 0 /p 2 = 1/p 2 one gets a circle of points where the isotropy group equals Z (p 2 +p 0 )/2 . This forces p 0 = p 1 = p 2 = 1. From our previous example we know that M (1, 1, 1) is the complex hyperbolic Bergman metric on C 2 .
Remark 7.1: Let us observe that all quaternion Kähler reductions of the symmetric space X(2, 2) ≃ U (2, 2)/U (2) × U (2) can now be obtained using our construction in a very simple manner. As X(2, 2) is by itself reduction of P H (H 2,2 − ) by the circle action corresponding to the generator T 1 = ipI 4 we can consider all possible quotients of P H (H 2,2 − ) by 2-dimensional Lie algebras g = {T 1 , T 2 }, where T 2 ∈ sp(2, 2). Since T 1 is fixed to be a multiple of the identity these are classified by the adjoint orbit [T 2 ] in sp(2, 2). Hence, one could begin by enumerating all such classes. Here, there are many more cases. To begin with sp(2, 2) has 3 different Cartan subalgebras. In addition, we have elements of height 0,1,2,3. In fact, there are six distinct families of 'purely' nilpotent classes [BC77] . All of these quotients can be examined and they should lead to many new metrics. Example 7.2: The simplest example when one gets non-trivial negative SDE Hermitian metric is deformation of the Bergman metric on the 4-ball. We choose the second generator as
One can easily see that p = q = r = 0 gives the Bergman metric which should correspond to a 4-parameter family of deformations of this metric. Detailed analysis of this and other quotients will be carried out elsewhere.
Quotients, hyperbolic eigenfunctions and Bochner-flat metrics
The SDE metrics that we have constructed have in common that they possess (at least) two commuting Killing vector fields, and therefore belong to the class of metrics classified locally by Calderbank and Pedersen [CP02] . Furthermore, according to ApostolovGauduchon [AG02] , quaternion Kähler quotients of HH 2 are not just SDE, but Hermitian, and are therefore conformal to the self-dual (and therefore Bochner-flat) Kähler metrics classified by Bryant [Bry01] . In this section we relate our metrics to the hyperbolic eigenfunction Ansatz of Calderbank-Pedersen (which gives the explicit local form of the metrics), and to the SDE Hermitian metrics of Apostolov-Gauduchon and Bryant.
We recall that the work of Calderbank and Pedersen shows that an SDE metric of nonzero scalar curvature with two commuting Killing vector fields is determined explicitly (on the open set where the vector fields are linearly independent) by an eigenfunction F of the Laplacian on the hyperbolic plane with eigenvalue 3/4, so it suffices to find the eigenfunction F corresponding to our quotients. According to [CP02] , the hyperbolic eigenfunctions F arising as quotients of HH 2 or HH 1,1 should be either '3-pole' solutions, or limits in which one or more of the 'centers' of the 3-pole coincide. We shall justify this claim here.
8.1. Quotients and hyperbolic eigenfunctions. We first consider SDE manifolds arising as semi-quaternion Kähler quotients of HH k−1,l or HH k,l−1 by n − 1 dimensional Abelian subgroups G of Sp(k, l) (with k + l = n + 1) in full generality. Following [CP02] , we study such a quotient (M, g) using the Swann bundle (M ,g), which is the principal CO(3) bundle over (M, g) arising as the corresponding semi-hyperkähler quotient of H k,l . More precisely, we take the semi-hyperkähler quotient by G of (a connected component of) H
, which is a principal CO(3)-bundle over HH k−1,l ∪HH k,l−1 .M is thus the quotient by G of the zero-set of the momentum map of G in H k,l * and we have a commutative diagram
where the vertical arrows denote semi-hyperkähler and quaternion Kähler quotients, and the horizontal arrows are principal CO(3) bundles: SO(3) acts by isometries, and R + by homotheties, so that if q is an H × valued function on the double cover ofM coming from a local trivialization, we haveg
where ω is the principal SO(3) connection onM and s is a positive multiple of the scalar curvature of g, so that sg is a (possibly negative definite) SDE metric of positive scalar curvature. We can then arrange our conventions so that |q| 2 pulls back to the zero-set of the momentum map in H k,l to give the absolute value |F k,l (u, u)| of the quadratic form. Any (n−1)-dimensional Abelian subgroup G of Sp(k, l) lies in a maximal Abelian subgroup H, which has dimension n + 1. For generic G this maximal Abelian subgroup will be unique, but in general we must choose such a group H so that we have a quotient group H/G acting onM and M . The Lie algebra of this quotient group may be identified with R 2 . Now, according to [CP02] , there is also a commutative diagram
where the vertical arrows are (possibly only locally defined) isometric quotients by H/G, Im H⊗ 0 R 2 is the open subset of indecomposable elements of the flat vector space Im H⊗R 2 ∼ = Im H ⊕ Im H, and H 2 is the hyperboloid of positive definite elements of determinant one in S 2 R 2 , equipped with the metric induced by the determinant on S 2 R 2 (which is the hyperbolic metric). The lower horizontal map, like the upper map, is a principal CO(3)-bundle, and is given explicitly by the Grammian map
Given a hyperbolic eigenfunction F on (an open subset of) H 2 , we can lift F to a homogeneity 1/2 functionF on the corresponding union of rays in the space of positive definite elements of S 2 R 2 . Now we have the following result, which was proven in the definite case (i.e., k = 0 or l = 0) in [CP02] . The more general result also has a more direct proof, and we correct a minor error in [CP02] . Theorem 8.1: Let (M 4 , g) be an SDE metric with two commuting Killing vector fields obtained as a semi-quaternion Kähler quotient of HH k−1,l or HH k,l−1 by an n−1 dimensional Abelian subgroup G of Sp(k, l) (where k + l = n + 1), and letF be the homogeneity 1/2 lift of the hyperbolic eigenfunction F generating g, locally, with respect to a 2-dimensional Abelian quotient group acting by isometries. Then the pullback ofF to the zero-set of the momentum map in H k,l is a nonzero constant multiple of the restriction of the quadratic form F k,l (u, u).
Proof. Let A be a positive definite element of S 2 R 2 , and write A = √ det AA 1 with A 1 ∈ H 2 having determinant one. Then by definitionF (A) = (det A) 1/4 F (A 1 ) and soF = (det A) 1/4 F , where F now denotes the (homogeneity 0) pullback to S 2 R 2 . Now it was shown in [CP02] that the pullback of the function A → det A to the Swann bundleM is |q| 8 /|F | 4 (although the result is incorrectly stated there). It follows thatF pulls back to the Swann bundle to give |q| 2 F/|F |, which pulls back to the momentum zero set in H k,l to give a nonzero constant multiple of the absolute value of the quadratic form times a (possibly nonconstant) sign. However,F is smooth, even through its zero-set, so the result follows.
Note that the pullback ofF is independent of the choice of quotient torus (in the case that such a choice exists).
We are going to use this result to calculate the hyperbolic eigenfunction corresponding to the metrics we have studied in detail here. In order to do this we just need to write the quadratic form F k,l (u, u) in momentum coordinates and restrict it to the zero-set of the momentum map, as we now explain.
Having chosen (if there is a choice) the maximal Abelian subgroup H of Sp(k, l) containing G (and a basis for the Lie algebra of H so that we can identify it with R n+1 ), we have momentum coordinates y 0 , . . . y n ∈ Im H which are independent on the open subset U of H k,l where the H action is free. Since F k,l (u, u) is H-invariant it will be a function of y = (y 0 , . . . y n ) on U , and our first task is to compute this function. Then, secondly, we must restrict to the zero-set of the momentum map of the G action. For this second step, following Bielawski-Dancer [BD00], we introduce an explicit parameterization of the momentum zero-set of G in terms of the momentum coordinates of the quotient torus. To do this, we write the Lie algebra g of G as the kernel of a 2 × (n + 1) matrix S : R n+1 → R 2 .
Then the transpose matrix S t : R 2 * → R (n+1) * parameterizes the kernel of the projection R (n+1) * → g * . Since the momentum map of H is injective on U , the momentum zero-set of G in U is the subset where the momentum map of H takes values in the image of S t , so we can parameterize it by writing w = S t x, with x = (x 1 , x 2 ).
The hyperbolic eigenfunction is now obtained by substituting this into the quadratic form F k,l , writing the result in terms of the SO(3) invariants x i , x j and restricting to the hyperboloid det x i , x j = 1, where we can write
for half-space coordinates (ρ, η) on H 2 . We now carry out this procedure for the examples we have studied.
8.2. Subgroups of a maximal torus and the generalized Pedersen-LeBrun metrics. Let H ∼ = (S 1 ) n+1 be the standard maximal torus in Sp(k, l) acting diagonally on H k,l with respect to the coordinates (u 0 , . . . u n ), i.e., the jth circle acts by scalar multiplication by e it on the jth coordinate u j , and has momentum map y j =ū j iu j . We therefore have
On the zero-set of the momentum map of G we then get
where the matrix S ij defining g has columns (−b j , a j ). We now observe that
and thus the corresponding hyperbolic eigenfunction is
in accordance with the discussion in [CP02]-see also [CS03] . These hyperbolic eigenfunctions may be interpreted as 'multipole' solutions, in the sense that they are a linear combination of solutions of the form (8.1) which we regard as the eigenfunction generated by a monopole source at the point η = b/a on the boundary ρ = 0 of the hyperbolic plane (which is a circle R ∪ {∞}).
In the case studied in this paper, n = 3, and the vectors (a 0 , a 1 , a 2 ) and (b 0 , b 1 , b 2 ) are any two linearly independent solutions to the equation a 0 p 0 + a 1 p 1 + a 2 p 2 = 0, where p 0 , p 1 , p 2 are the weights of the torus action.
Note that SL(2, R) acts on the vectors (a j , b j ) to give equivalent solutions so that the points b j /a j can be fixed (for instance at 1, −1 and ∞, as in [CP02]-we remark that the points are distinct provided the weights p 0 , p 1 , p 2 are nonzero).
8.3. The generalized Pedersen metrics. For the generalized Pedersen metrics, the family of generators that we are using span a Cartan subalgebra of sp(1, 2) which is not the Lie algebra of a maximal torus. However, this can be understood as an analytic continuation of the generalized Pedersen-LeBrun metrics (replace λ by it, where i acting on the left is a complex scalar commuting with the right quaternionic action, and diagonalize). As discussed in [CP02] this implies that the hyperbolic eigenfunction can be assumed to take the form
This is still a 3-pole solution, but two of the sources are complex conjugate rather than real.
8.4. The height one quotients. In the remaining cases, it is more convenient to begin with the coordinates v = (v 0 , v 1 , v 2 ) that we introduced already before, so that
In the case of the height one quotients, the momentum coordinates (in terms of the v 0 , v 1 , v 2 coordinates) that we shall use are
and we compute
After substituting for x 1 , x 2 , the second term is treated as before, so it suffices to compute
Under the action of SL(2, R) this is equivalent to
which may be interpreted as an 'infinitesimal dipole', i.e., a limit of oppositely charged monopoles at η = ±ε as ε → 0. Thus the hyperbolic eigenfunctions corresponding to height one quotients are combinations of a monopole and an infinitesimal dipole. 8.5. The height two quotients. In the height two case, the maximal Abelian subalgebra containing T 2 is unique, being spanned by iI 3 , T 2 and T 1 = iT 2 2 . The momentum coordinates of these generators are
Writing the quadratic form in these coordinates is straightforward once one has computed all the inner products between them. The result is
The family of quotients we consider is the span of iI 3 and T 2 , so we can take y 0 = a 0 x 1 , y 1 = a 1 x 1 and y 2 = x 2 as our parameterization in quotient coordinates to yield
We recognise the first term as an infinitesimal dipole. Differentiating again with respect to η, we see that the second term may be regarded as an infinitesimal tripole. As the two terms have different homogeneities in (ρ, η), by scaling the coordinates and the eigenfunction, we have just three distinct quotients:
• a 0 = 0, the pure tripole, corresponds the quotient by iI 3 , which is complex hyperbolic space (under the non-semisimple R 2 action induced by T 1 and T 2 ); • a 1 = 0, the pure dipole, corresponds to the quotient by T 2 , which is real hyperbolic space (under the non-semisimple S 1 × R action induced by T 1 and iI 3 ); • the nontrivial case with a 0 , a 1 both nonzero.
8.6. Infinitesimal multipoles from the quotient point of view. We have seen, as conjectured in [CP02] , that the nilpotent cases (height one and height two quotients) can be regarded as limiting cases in which two or more monopoles come together to form an infinitesimal multipole. This can be seen from the group theory of the quotient construction by realizing a non-semisimple element as a limit of semisimple ones.
For example, consider the following generator in sp(1, 2):
Generically this generator is of height 0 but a special choice of the parameters (p, λ) raises the height to 1. To see it let us consider the following one parameter group actions on the ball ϕ p,λ
where now all (λ, p 0 , p 1 , p 2 ) are real parameters and A p,λ (t) ∈ U (1, 2) ⊂ Sp(1, 2) and we assume λ = 0. We set
We can compute the matrix A p,λ (t) explicitly. Depending on the sign of α 2 − λ 2 we get three distinct cases. If we denote the corresponding U (1, 2) matrices by A 
is actually a circle provided the triple (γ, β, p 2 ) is commensurate (all ratios are in Q).
Note that the above calculation has to do with writing
where [L, N ] = 0 and L = T 0 (iβ, iβ, ip 2 ). Now, N 2 = 0 when λ 2 = α 2 . This shows that when λ 2 = α 2 , T p,λ must be conjugated to some T 1 (µ, p, q) of Definition 2.1. When λ 2 = α 2 the generator T p,λ has height 0 and, depending on the sign of λ 2 − α 2 , is conjugated either to some T 0 (µ, ip, iq) or T 0 (iq 0 , iq 1 , iq 2 ). In either case, one can think of height 1 metrics as certain limits of height 0 metrics. h h, defined wherever the scalar curvature s h of h is nonzero is an SDE metric. Conversely, h can be recovered from g using the fact that the Weyl tensor W = W + of a self-dual Kähler surface is a constant multiple of s h ω ⊗ 0 ω, where ω is the Kähler form and the subscript zero denotes the tracefree part in S 2 0 (Λ 2 T * + M ): thus, up to a constant s h = |W | h = |W | 1/3 g and h = |W | 2/3 g. This sets up a one to one correspondence, at least locally, between self-dual Kähler metrics and SDE Hermitian metrics [Der83, AG02] which are not conformally flat. (h and g are equal up to homothety iff they are locally symmetric.)
Bochner-flat Kähler manifolds have been completely classified, locally and globally, by Bryant [Bry01] . The local classification is quite easy to understand: over a Bochner-flat Kähler 2n-manifold M , the (locally defined) rank 1 bundle with connection, whose curvature is the Kähler form of M , has a flat CR structure (given by the horizontal lift of the Kähler structure on M ) and is therefore locally CR isomorphic to S 2n+1 . This realises the Kähler metric on M as local quotient of S 2n+1 by a one parameter subgroup of PSU(1, n + 1), the group of CR automorphisms of S 2n+1 (which is naturally realised as the quadric of totally null complex lines in the projective space of C 1,n+1 ). It then follows that Bochner-flat Kähler metrics are classified by adjoint orbits in su(1, n + 1).
Specialising to n = 2, self-dual Kähler surfaces are classified, as local quotients of S 5 , by adjoint orbits in su(1, 3), and it is natural to conjecture that the corresponding SDE Hermitian metrics are obtained as (perhaps only local) quaternion Kähler quotients of HP 2 , HH 2 and HH 1,1 , classified by adjoint orbits in sp(3) and sp(1, 2). This is essentially correct, as the work of Apostolov-Gauduchon [AG02] shows. Proposition 8.2: Let (M, g) be a self-dual Einstein manifold given as a (semi-)quaternion Kähler quotient of HP 2 , HH 2 or HH 1,1 by a (possibly local) S 1 or R action. Then (M, g) admits a compatible Hermitian structure and there is an invariant Sasakian structure on the momentum zero-set of the action, whose underlying CR structure is flat. Sketch proof. We outline the arguments, refering the reader to Apostolov-Gauduchon [AG02] for more details. Let be K a quaternionic Killing vector field on a (semi-)quaternion Kähler manifold Q of nonzero scalar curvature; this means that
where V Q is the bundle of sp(1)'s in so(T Q) defining the quaternionic structure and sp(T Q) ⊂ so(T Q) is the bundle of sp(n)'s in so(T Q) consisting the skew endomorphisms which commute with V Q . Since the scalar curvature is nonzero, the momentum map of K is defined to be the V Q component of ∇K. It follows that on the zero-set S of the momentum map, ∇K is a section of sp(T Q). It is also K invariant, so its horizontal part descends to the (perhaps only locally defined) quotient M = S/K, which is the quaternion Kähler quotient of Q by K, to give a section Ψ of sp(T M ). If Q is an 8-manifold, then M is a 4-manifold and so(T M ) = V M ⊕ sp(T M ) and with our conventions V M = so − (T M ) and sp(T M ) ∼ = so + (T M ), the bundles of (anti-)self-dual endomorphisms associated to Λ 2 − T * M and Λ 2 + T * M using the metric. It follows that wherever Ψ is nonzero √ 2Ψ/|Ψ| is a almost complex structure which is self-dual (i.e., orthogonal and commuting with the quaternionic structure), so that M is an almost Hermitian manifold. Apostolov and Gauduchon show that this complex structure is integrable if Q is HP 2 or HH 2 and their argument applies unchanged to HH 1,1 (it is a straightforward consequence of the fact that these spaces are flat as quaternionic manifolds). Thus M is SDE Hermitian, as claimed, and one can check that the conformal Kähler metric h is |K| −2 g. Now the curvature of the rank 1 bundle S → M (i.e., the horizontal part of the 2-form associated to |K| −2 ∇K) is then the Kähler form of M , so that the Kähler structure on M lifts to the horizontal distribution to give a K-invariant Sasakian structure on S. This is the canonical Sasakian structure associated to (M, h), and the underlying CR structure is flat because (M, h) is self-dual.
A flat CR manifold is locally isomorphic to S 5 with its standard flat CR structure (as the projective light cone in C 1,3 ). Since K generates an action by CR automorphisms, such a local isomorphism determines an element of su (1, 3) , the Lie algebra of CR automorphisms of S 5 . However, the local isomorphism is only determined up to conjugation by PSU (1, 3) , so we do not obtain a Lie algebra homomorphism from sp(3) or sp(1, 2) to su(1, 3)-these Lie algebras are certainly not isomorphic.
Nevertheless, the classifications of self-dual Kähler manifolds (in terms of adjoint orbits in su(1, 3) ) and quotients of HP 2 , HH 2 and HH 1,1 (in terms of adjoint orbits in sp(3) and sp(1, 2)) do essentially coincide. This is slightly subtle, as in both quotient constructions the manifold (or orbifold) corresponding to a conjugacy class may not be connected: for the Kähler metric, these components correspond to Bryant's 'momentum cells', whereas for the Einstein metric, the conformal infinity (which in Kähler terms is the zero-set of s h ) separates the quotients of HH 2 from the quotients of HH 1,1 . Also some of the self-dual Kähler quotients of S 5 will have associated Einstein metrics which are scalar-flat, while some of the SDE quotients of HP 2 , HH 2 and HH 1,1 will be conformally flat.
One way to relate the classifications is to observe that every element of su(1, 3) has a spacelike eigenvector, and some of them (the 'elliptic' elements) have a timelike eigenvector too. Since PSU(1, 3) acts transitively on the spacelike or timelike lines, we can fix one of each and conjugate any element of su(1, 3) into u(1, 2), and the elliptic elements into u(3). On the other hand all adjoint orbits in sp(3) are represented by elements of u(3), and the same is true for sp(1, 2), since we have given representatives in u(1, 2) in Definition 2.1. Remark 8.1: There is a rather beautiful Hermitian/quaternionic real form of the classical Klein correspondence that allows us to make the identification of adjoint orbits more natural. Recall that there is a special isomorphism between so(6, C) and sl(4, C): C 4 is the spin representation of so(6, C), or, more straightforwardly, sl(4, C) acts on Λ 2 C 4 (via A · u ∧ v = A(u)∧v+u∧A(v)) preserving a complex bilinear form g c given by the contraction of (α, β) → α ∧ β with the volume element. This isomorphism underlies the Klein correspondence:
• lines in P (C 4 ) correspond bijectively to points on the quadric in P (Λ 2 C 4 ) (P (U ) corresponds to null line Λ 2 U ); • points in P (C 4 ) correspond bijectively to α-planes in the quadric ([u] corresponds to projectivization of the maximal totally null subspace {u ∧ v : v ∈ C 4 }); • planes in P (C 4 ) correspond bijectively to β-planes in the quadric (P (W ) corresponds to the projectivization of the maximal totally null subspace Λ 2 W ).
Now su(1, 3) is the real form of sl(4, C) preserving a Hermitian metric (., .) of signature (1, 3). Consider now the Hodge star operator on Λ 2 C 1,3 defined by ( * α) ∧ β = (α, β)vol. For this to make sense, we must take the Hermitian metric to be anti-linear in α and thus * anti-commutes with i. The signature of the metric implies that * 2 = −1, so j := * defines a quaternionic structure on Λ 2 C 1,3 . It is convenient to make Λ 2 C 1,3 into a right quaternionic vector space in this way (thus k = ij = j • i).
We denote by so * (3, H) the subalgebra of so(6, C) commuting with j: it is the real form isomorphic to su(1, 3). We can describe it in quaternionic terms as the Lie algebra of the group of H-linear transformations of H 3 preserving an (i, j, k)-invariant skew form ω, and hence also the triple of signature (6, 6) symmetric forms g i , g j , g k defined by g i (a, b) = ω(ai, b) and so on. Note that g i is i-invariant, but is anti-invariant with respect to j and k, and similarly for g j and g k . Hence the quaternionic definition is related to the complex one by taking g j to be the real part of g c (since g c is i-bilinear and j-invariant).
A spacelike or timelike line in C 1,3 defines a maximal totally null (α) subspace of Λ 2 C 1,3 and its perpendicular hyperplane defines a complementary maximal totally null (β) subspace. Such a decomposition is equivalently given by a g j -orthogonal complex structure I on Λ 2 C 1,3 commuting with the quaternionic structure: the null subspaces are the ±i eigenspaces. Note that g(a, b) = ω(Ia, b) is therefore an (i, j, k)-invariant inner product and it is easy to check that it is indefinite or definite according to whether the line is spacelike or timelike.
An element of su(1, 3) belongs to u(1, 2) or u(3) (i.e., preserves the spacelike or timelike line) if and only if its action on Λ 2 C 1,3 commutes with I if and only if it is skew with respect to g. In fact this realizes u(1, 2) and u(3) as sp(1, 2) ∩ so * (3, H) and sp(3) ∩ so * (3, H) respectively.
For example, consider the diagonal element with r 0 + r 1 + r 2 + r 3 = 0, defined using the standard basis e 0 , e 1 , e 2 , e 3 for C 1,3 with e 0 timelike. Its action on Λ 2 C 1,3 with respect to the quaternionic basis e 0 ∧ e 1 , e 0 ∧ e 2 , e 0 ∧ e 3 is easily computed to be where i acts by left multiplication (we have chosen our quaternionic basis so that the complex structure I determined by e 0 is left multiplication by i). Adjoint orbits in su(1, 3) are essentially determined by their characteristic and minimal polynomials, and Bryant [Bry01] gives his classification in these terms-more precisely, in terms of the polynomials of the associated Hermitian matrices. If P c is the characteristic polynomial and P m is the minimal polynomial, then the degree d of P c /P m determines the local cohomogeneity of the self-dual Kähler metric as 2 − d. In the generic, local cohomogeneity two, case Bryant discusses the classification in detail, which he divides into Cases 1-4.
For reference, we shall give the correspondence between adjoint orbits in su(1, 3) and sp(1, 2) which relate Bryant's classification to ours. We do this by giving the characteristic and minimal polynomials P c corresponding to the representatives in Definition 2.1. These correspondences are obtained by choosing an element of su(1, 3) with given P c , P m and spacelike eigenvector e 1 , and computing its action on Λ 2 C 1,3 with quaternionic basis e 1 ∧ e 0 , e 1 ∧ e 2 , e 1 ∧ e 3 .
We recall that there are exceptional adjoint orbits which do not give SDE and self-dual Kähler metrics which are conformal. For these exceptional orbits, the self-dual Kähler metric is conformal to a scalar-flat SDE metric, while the quotient SDE metric is the real hyperbolic metric (conformally flat).
We begin with the (local) cohomogeneity two Kähler metrics, where P m (t) = P c (t).
(i) P c (t) = (t−r 0 )(t−r 1 )(t−r 2 )(t−r 3 ), where r 0 , r 1 , r 2 , r 3 are distinct with r 0 +r 1 +r 2 +r 3 = 0. This is Bryant's Case 4, and corresponds to with p 0 = r 0 + r 1 , p 1 = −(r 0 + r 2 ), p 2 = −(r 0 + r 3 ) (and so p i = ±p j for i, j distinct). The exceptional orbits arise when one of the weights vanish.
(ii) P c (t) = (t−r 1 )(t−r 2 )(t−r−iλ)(t−r+iλ), where r 1 , r 2 are distinct with r 1 +r 2 +2r = 0. This is Bryant's Case 1 and corresponds to T 0 (λ, ip, iq) =   ip λ 0 λ ip 0 0 0 iq   with p = r + r 1 , q = −2r = r 1 + r 2 (and so p = 0). The exceptional orbits arise when q vanishes.
(iii) P c (t) = (t − r 1 )(t − r 2 )(t − r) 2 , where r 1 , r 2 and r are distinct with r 1 + r 2 + 2r = 0. This is Bryant's Case 3 and corresponds to with p = r + r 1 (so that p = 0). We finally consider the cohomogeneity one and homogeneous Kähler metrics. (i) P c (t) = (t − r 0 ) 2 (t − r 1 )(t − r 2 ) and P m (t) = (t − r 0 )(t − r 1 )(t − r 2 ), where r 0 , r 1 , r 2 are distinct with 2r 0 + r 1 + r 2 = 0. These metrics have cohomogeneity one under U(2) or U(1, 1) according to the signature of the Hermitian metric on the repeated eigenspace, and correspond to T 0 (ip, ±ip, iq) or T 0 (iq, ip, ±iq) with p = ±q. When q = 0 we have an exceptional orbit.
Further degenerations give homogeneous metrics:
• P c (t) = (t − r) 3 (t + 3r) and P m (t) = (t − r)(t + 3r) with r = 0 corresponds to T 0 (ip, ip, ip) and the Bergman metric; • P c (t) = (t − r) 2 (t + r) 2 and P m (t) = (t − r)(t + r) with r = 0 is exceptional: the Kähler metric is the product metric on S 2 ×H 2 and the SDE quotient (by T 0 (0, 0, ip) or T 0 (ip, 0, 0)) is H 4 . (ii) P c (t) = (t + r) 2 (t − r − iλ)(t − r + iλ) and P m (t) = (t + r)(t − r − iλ)(t − r + iλ). These have cohomogeneity one under U(2) and correspond to the Pedersen metrics T 0 (λ, 0, ir), apart from exceptional orbits when r = 0.
(iii) P c (t) = (t+r) 2 (t−r) 2 or (t+r)(t−r) 3 and P m (t) = (t+r)(t−r) 2 with r = 0, correspond to the height one quotients by T 1 (1, 0, iq) and T 1 (1, ip, ±ip), which are cohomogeneity one metrics.
A further degeneration gives an exceptional orbit: P c (t) = t 4 and P m (t) = t 2 . The Kähler metric in this case is flat, while the SDE quotient by T 1 (1, 0, 0) is H 4 .
(iv) P c (t) = t 4 and P m (t) = t 3 corresponds to the height two quotient T 2 (1, 0). This is an exceptional orbit: the self-dual Kähler metric has cohomogeneity one, but the SDE quotient is H 4 .
